Let f be a C 2 partially hyperbolic diffeomorphisms of T 3 (not necessarily volume preserving or transitive) isotopic to a linear Anosov diffeomorphism A with eigenvalues:
Introduction
In this paper we will study the dynamics of certain types of partially hyperbolic diffeomorphisms as well as the properties of their invariant foliations. One of the most classically studied properties is transitivity. A diffeomorphism is transitive if it admits a dense orbit. Transitivity is said to be robust (or stable) if it holds for every diffeomorphism g in a C 1 neighborhood of f .
As a consequence of their structural stability, the first examples of robustly transitive diffeomorphisms were the transitive Anosov diffeomorphisms. It was not until the late 60's that nonhyperbolic robustly transitive examples appeared. First it was M. Shub [35] who gave examples on T 4 and a few years later R. Mañé [29] presented a new class of examples on T 3 . Mañé's examples are strongly related to the results of this paper. New advances in the study of robustly transitive diffeomorphisms occurred only in the 1990s.
On the one hand, C. Bonatti and L. Díaz [5] developed a new tool, called blender, which made it possible to produce numerous new examples. For example, they showed that some perturbations of certain products on Anosov diffeomorphisms, and certain perturbations of the time one map of transitive Anosov flows are robustly transitive. All of these examples, including those from Shub and Mañé, have a common property: they are partially hyperbolic. Here being partially hyperbolic means that there is a T f -invariant splitting of the tangent bundle T M = E s ⊕ E c ⊕ E u , such that for some suitable Riemannian metric, all x ∈ M satisfy:
where λ 1 (x) ≤ λ 2 (x) < λ 3 (x) ≤ λ 4 (x) < λ 5 (x) ≤ λ 6 (x) and λ 2 (x) < 0, λ 5 (x) > 0. For further use, let us denote E cu = E c ⊕ E u and E cs = E s ⊕ E c .
On the other hand, L Díaz, E. Pujals and R. Ures [12] proved that, in threedimensional manifolds, robust transitivity implies a weak form of partial hyperbolicity (see also [6] for a higher dimensional version).
It is well-known that if the strong stable -or unstable-foliation of a partially hyperbolic diffeomorphism is minimal, then this diffeomorphism is transitive. Recall that a foliation is minimal if every leaf is dense in the whole manifold. The dynamical properties of these foliations are of great importance since they are intimately related to the dynamical properties of both the diffeomorphism, and of some of its most relevant invariant measures, such as physical measures, u-Gibbs measures, entropy maximizing measures, etc. There are few results concerning the robustness of the minimality of the strong stable foliation. C. Bonatti, L. Díaz and R. Ures [7] (see [23] for a higher dimensional version) showed that either the strong stable or the strong unstable foliation is robustly minimal for three dimensional robustly transitive diffeomorphisms and E. Pujals and M. Sambarino [33] proved that if each unstable leaf of f contains a point whose ω-limit set is uniformly hyperbolic, and if the diffeomorphism itself admits a minimal strong stable foliation, then the diffeomorphisms in a C 1 neighborhood of f also have this property. Adding an extra technical hyphotesis on the dynamics of a periodic compact center leaf, in [7] it is also obtained the robust minimality of both the strong stable and the strong unstable foliation. We emphasize that, up to now, there were no examples known of a partially hyperbolic diffeomorphism for which both foliations are robustly minimal and which does not present periodic compact center leaves.
It is also an open question for the hyperbolic automorphisms of the 3-torus with three different real eigenvalues whether the strong foliation is always minimal. In this work we are going to study the robust minimality of these foliations for certain three-dimensional torus diffeomorphisms that we introduce below. We will also give examples for which both foliations are robustly minimal.
Let A be a linear Anosov diffeomorphism A over T 3 with eigenvalues
We are interested in three-dimensional C r (r ≥ 1) partially hyperbolic diffeomorphisms in the isotopy class of A, which are called C r derived from Anosov diffeomorphisms. This collection will be denoted by D r (A). This definition is a generalization of the classical construction of partially hyperbolic, robustly transitive diffeomorphisms due to R. Mañé [29] . The value k 1 , the largest eigenvalue of the linear Anosov diffeomorphism A, plays a key role in the study of ergodic measures of derived from Anosov diffeomorphisms, as observed by M. Viana and the third author of this article in [37] : for any derived from Anosov diffeomorphism, its ergodic measures with entropy larger than log k 1 have the same structure as those of the linear Anosov diffeomorphism. In this paper, we will further explain how this constant provides topological information about the diffeomorphism. [12, 6] that robustly transitive diffeomorphisms always admit a finest dominated splitting, and the extreme bundle is volume hyperbolic. In this paper, we are going to show the converse of this property for certain derived from Anosov diffeomorphisms, but the reader should keep in mind that it is not true in general situations. More precisely, we will show that, for three dimensional derived from Anosov diffeomorphisms, if the volume along the cu-bundle has a non-uniform expansion (with respect to the constant log k 1 ), then the stable foliation of this diffeomorphism is robustly minimal. Although this result may seem somewhat unexpected, because we are not assuming the transitivity of the original diffeomorphism, it was already conjectured for all derived from Anosov diffeomorphisms by the second author in [36] (see the Introduction and Question 6.6 therein). In some sense, the extra hypotheses in the previous results on the robust minimality of the stable foliation is replaced here by the diffeomorphisms being in an isotopy class-a rather weaker hypothesis. This implies that every 3-dimensional derived from Anosov diffeomorphism really admits some type of hyperbolic structure, which is mainly related to the constant log k 1 . We are able to prove the previous conjecture in case the diffeomorphisms is sufficiently close to one having enough cu-expansion along unstable leaves. Here is our main result:
)| ≤ k 1 } has zero leaf volume inside any strong unstable leaf, then the strong stable foliation of f is robustly minimal. Remark 1.1. One should observe that although the bound (for the metric entropy of measures) by log k 1 is a sharp constant in [37] (see Proposition 2.7 and 2.8 for what we mean by that), our condition here is not sharp, since the hypothesis above does not hold under perturbation. However, the strong stable foliation remains robustly minimal.
In the volume preserving setting the knowledge about these diffeomorphisms is more complete. Obviously, transitivity in this situation is easier to obtain. In case the derived from Anosov diffeomorphism is conservative, transitivity is a consequence of the results of [19] . There is even a more complete description as Gan and Shi [15] have shown that these diffeomorphisms are ergodic.
1.2.
Structure of the proof of Theorem A. Let us recall how a robustly minimal foliation (or robust transitivity) is usually obtained. The proofs, roughly speaking, can be divided into two steps:
(a) for every open set U , the forward iteration of U contains a set that has uniform size along the center-unstable direction; (b) every (strong) stable leaf must intersect this set.
In [7] , this is achieved by showing the existence of an s-section, that is, a twodimensional surface that transversally intersects every stable leave.
In [33] , the authors proved the step (a) under the assumption that for every x ∈ M , there is a point y in F u (x) whose center bundle is uniformly expanding. In the meantime, f having a minimal strong stable foliation implies that the strong stable foliation for every nearby C 1 diffeomorphism g is ε-dense, thus satisfying the step (b).
The proof in our paper also follows this path, albeit with a completely different technique:
To achieve the step (a), we mainly deal with the cu-bundle. We show that a diffeomorphism under the assumptions of Theorem A has mostly expanding center (Section 4), and thus by a general technique for diffeomorphisms with mostly expanding center introduced in Section 3 (for more details, see [40] ), for each nearby C 1 diffeomorphism, the forward orbit of Lebesgue almost every point is eventually expanding along the center direction. Moreover, any Cesàro limit of a generic point belongs to a space of probability measures G(f ) which is determined by the Pesin formula. By the continuity of the space G(f ) in C 1 topology, all the measures in G(f ) have positive center exponents and large metric entropy. Using the Pliss Lemma and hyperbolic times, we see that the local unstable manifolds at certain iterations along typical orbits must have uniform size.
The proof of the step (b) is more involved. We have to deal with the strong stable foliation without any assumption on minimality or even the transitivity of f . We show that, for any C 1 derived from Anosov diffeomorphism, and any ergodic measure with positive center exponent and with entropy larger than log k 1 , the Pesin unstable manifolds at regular points coincide with the (global) center unstable leaves. This part heavily uses the results in [37] on the classification of measures with large entropy for diffeomorphisms derived from Anosov. Then by the global product structure on the universal covering space, the Pesin unstable manifolds are s-sections, intersecting every stable leaf.
New examples.
Let us observe that the previous method only works for the minimality of the strong stable foliation, the minimality of the strong unstable foliation is still an open question, even when the partially hyperbolic diffeomorphism is Anosov. But with the criterion we may provide an open set of diffeomorphisms derived from Anosov in the isotopy class of some linear Anosov automorphisms, such that both strong foliations are robustly minimal.
Theorem B. For a certain linear Anosov diffeomorphism A, there exists a partially hyperbolic diffeomorphism g in its isotopy class such that both its strong stable and unstable foliations are robustly minimal. This is the first example, as far as the authors know, of such a partially hyperbolic diffeomorphism without a compact periodic center leaf. The construction is quite different from the one used by Mañé in [29] , since he carefully did the perturbation near a fixed point so that the perturbed diffeomorphism remains partially hyperbolic. So the modification is mainly done inside a small ball and the nonhyperbolicity is really local. In our construction, we need to modify the dynamics of the linear Anosov diffeomorphism in a cylindrical neighborhood of a really long center segment which may be quite dense, so we need to carefully choose the linear Anosov diffeomorphism and the analysis is more subtle. Indeed, we will choose the linear Anosov automorphisms so that the center exponent converges to zero. Such a sequence has been firstly considered in [31] . In this manner we obtain a new way of reaching the boundary of the set of Anosov's diffeomorphisms, at least for the isotopy class of certain hyperbolic automorphisms of the 3-torus.
Does the previous phenomenon happen in the isotopy class of any linear Anosov automorphism?
Conjecture 1.2. Let A be a linear Anosov diffeomorphism A of T 3 with eigenvalues:
There is a C 1 open set of partially hyperbolic diffeomorphisms U isotopic to A, such that for any diffeomorphism g ∈ U, both its strong stable and unstable foliation are minimal.
1.4. Structure of the paper. This paper is organized in the following way: In Section 2 we give some necessary background for this paper.
In Section 3 we introduce a general theory for diffeomorphisms with mostly expanding center direction, and provide the main tool for the proof of Theorem A: a special space of probability measures, denoted by G(f ), which is defined using the partial entropy along unstable leaves. In Section 4, we verify that the diffeomorphisms we are considering have mostly expanding center. Section 5 consists of a different theory which only works for diffeomorphisms derived from Anosov: any ergodic probability measure with large entropy should be hyperbolic, and moreover, the unstable manifold of a typical point coincides with the corresponding center-unstable leaf of the partially hyperbolic diffeomorphism.
Theorem A is proven in Section 6, and in Section 7 we build the examples in Theorem B.
Preliminaries
In this section, we introduce the necessary background for the proofs. Throughout this section, we keep the same hypothesis as in the first section, that is, A is a three dimensional linear Anosov diffeomorphism with eigenvalues k 3 < 1 < k 2 < k 1 .
Dynamical coherence.
A partially hyperbolic diffeomorphism is said to be dynamically coherent, if it admits invariant foliations F i , i = s, c, u, cs, cu, tangent to the corresponding bundles at each point.
By J. Franks [14] , for every derived from Anosov diffeomorphism f ∈ D 1 (A), there exists a continuous surjective map φ :
The following properties of φ hold for f ∈ D 1 (A):
Then f is dynamically coherent, and the Franks' semi-conjugacy φ maps the strong stable, center stable, center and center unstable leaves of f into the corresponding leaves of A. Moreover, (a) φ restricted to each strong stable leaf is bijective;
is either a point, or a connected center segment of f with length bounded by K. (c) the strong stable, center, strong unstable foliations of f are quasi-isometric, that is, there exist a, b > 0 such that for any two pointsx,ỹ belonging to the same lifted leafF i (i = s, c, u) in the universal covering space
Proof. By R. Potrie [32] , f is dynamically coherent. (b) is proven in [36] (see also [37] [Proposition 3.1]). Finally, F c being quasi-isometric is proved by A. Hammerlindl and R. Potrie [18, Section 3] .
As a consequence of (b), by Ledrappier-Walter's formula [26] , we have:
For any f ∈ D 1 (A), φ preserves metric entropy, that is, for any invariant measure µ of f :
Denote byf the lift of f to the universal covering space and byF ĩ f (i = s, c, u, cs, cu) the lift of the corresponding foliations of f to the universal covering space R 3 . Definition 2.3. We say f (orf ) has global product structure if for any two points
The following result was proved in [32, Proposition 5.2]:
As a direct corollary, we have that:
Moreover, we have a uniform control on the global product structure:
Because both foliationsF s andF cu vary continuously with respect to points, the previous intersection still holds for points in a neighborhood Uỹ ofỹ. Because the closure of T 3 is compact, we may take a finite open cover U i (i = 1, · · · , k) ofT 3 , and take
is usually not injective either. Surprisingly, it is proven in [37, Theorem 3.6] that if one restricts φ * to the set of measures with large entropy:
then it is bijective. Moreover, the following two properties were proved in [37] , showing that the constant log k 1 is important to classify ergodic measures with large entropy. We should note that, as explained in [37] , the constant log k 1 is sharp here.
that is, φ is almost surely bijective on the support of ergodic measures with entropy larger than log k 1 . 
Diffeomorphisms with mostly expanding center
Our proof depends heavily on measure-theoretical arguments. In this section, we are going to introduce several classes of invariant measures that we will use in the following proofs; we will also collect some basic background on diffeomorphisms with mostly expanding center, introduced in [39, 40].
3.1. G u states. For a C 2 partially hyperbolic diffeomorphism, following the work of Pesin and Sinai [30] (see also [8, Chapter 11] ), a Gibbs u-state is an invariant probability measure whose conditional probabilities (in the sense of Rokhlin [34] ) along strong unstable leaves are absolutely continuous with respect to the Lebesgue measure on the leaves.
The set of Gibbs u-states plays an important role in the study of physical measures for partially hyperbolic diffeomorphisms. More properties for Gibbs u-states can be found in the book of C. Bonatti, L. Díaz and M. Viana [8, Subsection 11.2] (see also D. Dolgopyat [13] ).
We are going to define a natural generalization of Gibbs u-states for C 1 partially hyperbolic diffeomorphism. We assume f to be a C 1 partially hyperbolic diffeomorphism in this subsection.
Given an invariant probability measure µ and an expanding foliation 1 F of f , by taking a measurable partition ξ that is µ-subordinate to the foliation F (for the precise definition, see [37] and [39] ), we may define the partial entropy of f along F , which we denote by h µ (f, F ), to be:
It is well known that the definition above does not depend on the choice of the partition ξ, see for example [27] . With that we are ready to introduce the first subspace of invariant measures that we are going to use: Definition 3.1. We define:
(a) When f is C 2 , by Ledrappier [25] , G u (f ) is the space of Gibbs u-states of f . (b) By the Ruelle's inequality for partial entropy (see for instance [38] ), one can replace the inequality in the definition of G u by equality:
The following property for Gibb u (·) also holds for G u (·). Then there is a full volume subset Γ such that for any x ∈ Γ, any limit of the sequence 1 n n−1 i=0 δ f i (x) belongs to G u (f ). 1 An invariant foliation F is said to be expanding, if the derivative of f along F is uniformly expanding. For example, F u f is expanding while F c f not necessarily is. However, note that F c A is also expanding.
3.2.
Other invariant measure subspaces. In this subsection we will introduce further restrictions to the candidates for physical measures of f . Recall that f is a C 1 partially hyperbolic diffeomorphism and no further regularity is assumed.
Note that G cu is defined similarly to G u , but using the metric entropy h µ (f ) instead of the partial entropy. Also note that measures in G cu may have negative center exponent. In fact, if µ ∈ G u has negative center exponent, then it must belong to G cu .
Finally, we denote
. We first observe that the spaces are non-empty, and moreover, the space G(f ) consists of all candidates to physical measures.
Proposition 3.6. [39, Proposition 2.12] There is a full volume subset Γ such that for any x ∈ Γ, any Cesàro limit of the sequence 1
In general, the structure of G(f ) is not as clear as G u (f ), for instance, it is not always true that the extreme elements of G(f ) are all ergodic. This is due to the presence of measures with negative center exponent.
However, in the next section, we are going to show that, for diffeomorphisms C 1 close to a C 2 partially hyperbolic diffeomorphism with mostly expanding center, the space G(f ) does have good properties. Notice that, by definition, any diffeomorphism with mostly expanding center is always C 2 , but we will consider any C 1 diffeomorphism in a C 1 neighborhood of it.
3.3. Diffeomorphisms with mostly expanding center. In this section we will briefly introduce the background of partially hyperbolic diffeomorphisms with mostly expanding center. Throughout this section, we assume f to be a C 2 partially hyperbolic diffeomorphism.
Diffeomorphisms with mostly expanding center were introduced by J. Alves, C. Bonatti and M. Viana ([3]) using a different, more technical definition. Later, another narrower definition was given by M. Andersson and C. Vásquez [3] . The two definitions are nor equivalent and, in this paper, we will follow the definition of [3] : .17] Suppose f has mostly expanding center, then there is a C 1 neighborhood U of f , such that for any C 1 diffeomorphism g ∈ U, G(g) is compact and convex, and every extreme element of G(g) is an ergodic measure. Moreover, the map: G : g → G(g) restricted to U is upper semi-continuous under the C 1 topology. Proposition 3.9. [40, Lemma 5.3] Suppose f has mostly expanding center. Then there is b > 0, N ∈ N and a C 1 neighborhood U of f , such that for any C 1 diffeomorphism g ∈ U, and any invariant probability µ ∈ G u (g N ),
In particular, the center exponents of any µ ∈ G u (g N ) are all positive.
If we combine the definition of the space G cu and Ruelle's inequality, we have that: Corollary 3.10. Suppose f has mostly expanding center, then there is a C 1 neighborhood U of f , such that for any C 1 diffeomorphism g ∈ U, every probability µ ∈ G(g) satisfies Pesin formula:
Later, we will use this corollary to obtain a lower bound of the metric entropy for measures in G(·), which will enable us to apply Propositions 2.7 and 2.8.
Positive center exponent
Throughout this section, let f be a C 2 partially hyperbolic diffeomorphism satisfying the assumptions of Theorem A. We are going to show that f has mostly expanding center.
Because the conditional measures of Gibbs u-states along the unstable leaves are equivalent to the Lebesgue measures on the corresponding leaves, by our hypothesis, we have
More importantly, from [37] we obtain the uniform positivity for the center Lyapunov exponent: 
Observe that the integration in (3) and (4) depends continuously on the measures. On the other hand, the space of Gibbs u-states is compact. As a result, there is a uniform a > 0 such that for any Gibbs u-state µ of f ,
Moreover, by Proposition 3.8 and Corollary 3.10,
There is a C 1 neighborhood U of f , such that for any C 1 diffeomorphism g ∈ U, and any invariant measure ν ∈ G(g),
and λ c (ν, g) = log | det(T g | E c (x) )|dν(x) > a.
Ergodic measures with large entropy
Our proof not only relies on the fact that the f has mostly expanding center, but also it needs the following characterisitic of ergodic measures with high entropy for derived from Anosov diffeomorphisms: as we shall see, its Pesin invariant manifolds occupy the entire leaves given by the dynamical coherence. Furthermore, this property holds for C 1 diffeomorphisms in a neighborhood of f .
Throughout this section let f ∈ D 1 (A) be a C 1 derived from Anosov diffeomorphism and µ be an ergodic probability measure of f . We take µ to be any ergodic measure of f with positive center exponent, and with large metric entropy, that is, the metric entropy of µ is larger than the constant log k 1 :
h µ (f ) > log k 1 .
5.1.
Local unstable manifold for C 1 diffeomorphisms. We emphasize that, depending on the central exponent, Pesin unstable manifolds may be different from strong unstable manifolds. We will denote the former as either W u loc (x) or W u (x) if they are either local or global manifolds respectively.
In this setting the center exponent of µ is positive, then by a C 1 version of the Pesin theory, one can show that: Our main result of this section is the following:
Proposition 5.2. Let µ be an ergodic probability with entropy larger than log k 1 . Then for µ almost every point x, F cu (x) is contained in the unstable manifold of x.
Before starting the proof, let us give some informal explanation on how the proof works. The main tool here is Proposition 2.7, which says that the semiconjugacy φ is almost surely bijective. We also need the following proposition borrowed from [37] , which is a stronger version of Proposition 2.8: x ∈ M } be the disintegration of µ with respect to any measurable partition ξ that is µ-subordinate to F . Then the following conditions are equivalent:
(2) for µ-almost every point x, the measure µ x is continuous, that is, it has no atoms.
Moreover, any of these conditions implies that any full µ-measure subset Z intersects almost every leaf of F in an uncountable set.
We are going to show that for a cu-disk D at µ-almost every point x with uniform size, its image under φ contains an open neighborhood of x in W u A (φ(x)). Since W u A is uniformly expanding, the forward iteration of φ(D) will eventually become the entire unstable manifold. Because φ is a semi-conjugacy, it turns out that the forward iteration of D will eventually cover the whole center-unstable leaf of f .
Proof of Proposition 5.2. By Corollary 2.5, for any point x ∈ T 3 ,
. Hence, in order to prove the above proposition, we only need to show that for µ almost every point x, F c f (x) is contained in the unstable manifold of x. Because the center foliation of the linear Anosov diffeomorphism A is orientable, and for every point x ∈ T 3 , by (b) of Proposition 2.1, the pre-image of x under the semi-conjugacy φ is either a point or a connected center segment of f , we have that the orientation of the center foliation of A induces an orientation on the center foliation of f . We refer to this orientation as left and right, and denote by F c,i f (x) (i = right, lef t) the points of F c f (x) which are located on the right and left of x respectively. In the following, we will show that for µ almost every point x, F c,right f (x) belongs to the unstable manifold of x. The proof for the left direction is similar.
By Proposition 2.7 and Lemma 5.1, we may take a full µ measure subset Λ such that for every x ∈ Λ:
. Next, we take a compact subset Λ 0 ⊂ Λ and r 0 > 0 such that for any
where F c f,r0 (x) denotes the ball inside the center leaf F c f (x) with center x and radius r 0 . Take r 0 small enough such that µ(Λ 0 ) > 0. We may further assume the set Λ 0 is contained in a compact center foliation box B. In the following, we will prove that there is a positive measure subset of Λ 0 , on which φ(F c,right f,r0 (x)) has uniform size in W u A (φ(x)). For this purpose, we write Λ n ⊂ Λ 0 the set of points such that for any x ∈ Λ n , φ(F c,right f,r0 (x)) contains a segment of F c A (x) with length larger than 1 n . By the continuity of the center foliation, Λ n is (relatively) open inside Λ 0 , hence measurable. By the definition, Λ 1 ⊂ Λ 2 ⊂ · · · , and hence, the complement of Λ ∞ = ∪ n>0 Λ n is a compact set. Proof. In order to prove the lemma, it suffices to show that
For each point y ∈ Λ \ Λ ∞ , denote by l right (y) ⊂ F c,right f (y) the segment with length r 0 and with y being an end point. Then by the choice of Λ 0 , l right (y) ⊂ W u (y). Moreover, since y ∈ Λ 0 \ Λ ∞ , the image of l right (y) under the semiconjugacy φ must be a single point, which is φ(y). Now we claim that for any two different points y 1 , y 2 ∈ Λ 0 \ Λ ∞ , l right (y 1 ) and l right (y 2 ) are disjoint. This is because, if l right (y 1 ) ∩ l right (y 2 ) = ∅, then φ(l right (y 1 )) = φ(y 1 ), and φ(l right (y 2 )) = φ(y 2 ) must have non-trivial intersection, which implies that φ(y 1 ) = φ(y 2 ), a contradiction to the choice of Λ that φ | Λ is bijective.
Recall that any one-dimensional segment contains at most countable many disjoint non-trivial intervals. By the claim above, we conclude that in the center foliation box B, the intersection of Λ 0 \ Λ ∞ with each center leaf is at most countable. Since the semi-conjugacy maps every center leaf of f to a center leaf of A (Proposition 2.1), φ(Λ 0 \ Λ ∞ ) intersects every center leaf of A at countably many point.
Note that φ * preserves metric entropy (Corollary 2.2). By the hypothesis of Proposition 5.2, h φ * µ (A) > log k 1 .
By [37, Propositions 2.8], the partial entropy along the center foliation F c A of A is at least h φ * µ (A) − log k 1 > 0. 2 Then it follows from Proposition 5.3 that the disintegration of (φ) * µ along the center leaf is continuous (in the sense that it contains no atoms), which implies that (φ) * µ(φ(Λ 0 \ Λ ∞ )) = 0, as we claimed. The proof of this lemma is complete.
Let us continue the proof of Proposition 5.2. Since Λ ∞ has full measure in Λ 0 , we can take m sufficiently large, such that µ(Λ m ) > 0. By the definition of Λ m , we see that for y ∈ Λ m , the image of l right (y) under φ has size larger than 1/m. By the Birkhoff ergodic theorem and the invariance of the center foliation, it suffices for us to show that for µ almost every point x ∈ Λ m , the entire right branch of the center foliation, F c right (x), is contained in W u (x). The proof of this claim uses the uniformly expansion of W u A . By Poincaré recurrence theorem, for µ almost every point x ∈ Λ m , there is a sequence of in-
This shows that
The proof of Proposition 5.2 is complete.
Remark 5.5. The assumption h µ (f ) > log k 1 in Proposition 5.2 is likely a sharp condition. See the discussion in [37] .
Robustly minimal stable foliation
Finally we are ready to prove Theorem A. Due to the non-uniform expansion on F cu , we need the notion of hyperbolic times, which are the times when sufficient hyperbolicity is achieved along a given orbit. We will prove that for any given open set U , there is always some point x ∈ U whose forward iteration (up to the hyperbolic times) has large unstable manifold. Then Propositions 5.2 and 2.4 show that under further iteration this unstable manifold will become an s-section, intersecting every stable leaf. Keep in mind that Proposition 5.2 applies to ergodic measures in G(g) (because they have large entropy by Lemma 4.3). As a result, we need to show that when such hyperbolicity is achieved, the point itself must be close to the support of some measure in G(g).
Let U be the C 1 neighborhood of f provided by Lemma 4.3, and g ∈ U be a C 1 diffeomorphism. Let U be any open set of the ambient manifold T 3 , it suffices for us to show that every stable leaf has non-trivial intersection with U .
By Proposition 3.8, there is a full volume subset Γ ⊂ U such that for any x ∈ Γ, any limit of the sequence 1 n n−1 i=0 δ g i (x) belongs to G(g). Fix such an x, by Lemma 4.3,
where a > 0 is as in Lemma 4.3. Because all the subbundles E i (i = s, c, u) are onedimensional, after changing the metric, we may assume that they are orthogonal. This means that
Definition 6.1. For b > 0, we say that n is a b-hyperbolic time for a point x, if
By the Pliss Lemma (see [8, Lemma 11 .5])), one can show that the set of bhyperbolic times have positive density: Lemma 6.2. There is ρ(a, U) > 0 such that for any g ∈ U and x satisfying (8), there are integers 0 < n 1 < n 2 < · · · which are a 2 -hyperbolic times for x. Moreover, lim inf #{i : n i ≤ n} n ≥ ρ.
. We may assume that By Lemma 6.2, lim inf m ν nm (Γ m ) > ρ/2. Take Γ 0 any Hausdorff limit of the sequence Γ m . For simplicity, passing to a subsequence if necessary, we may assume that lim Γ m = Γ 0 . Then ν(Γ 0 ) ≥ ρ/2. One should note that ν may not be ergodic. To solve this issue, observe that if for almost every component the measure of Γ 0 were smaller than ρ/2, we would have that ν(Γ 0 ) < ρ/2. So we take an ergodic component ν ′ of ν such that ν ′ (Γ 0 ) ≥ ρ/2. Since ν ∈ G(g), by Proposition 3.8 we can choose ν ′ in such a way that ν ′ ∈ G(g).
By Lemma 4.3, h ν ′ (g) > log k 1 . Then Proposition 5.2 shows that for ν ′ almost every point y ∈ Γ 0 , W u g (y) = F cu g (y). By Poincaré recurrence theorem, we may also assume that the negative orbit of y visits Γ 0 infinitely many times.
By Lemma 2.6, there is R such that F cu g,R (y) intersects each stable leaf of g. Because W u g (y) = F cu g (y), there is s sufficiently large, such that g −s (y) ∈ Γ 0 , and g −s (W u g,R (y)) has arbitrarily small size, but also intersects every stable leaf of g. On the other hand, from the construction, there is a sequence n i of hyperbolic times of x, such that x ni := g ni (x) → g −s (y) as i → ∞.
Let D be any two-dimensional C 1 disk, we use d D (·, ·) to denote the distance between two points in the disk. And we denote by 1/2 center-unstable cone the vector fields v such that ∠(v, E cu ) < 1 2 . By the dominated splitting between E s and E cu , the vectors in the sub-bundle E cu are expanding exponentially faster comparing to vectors in the sub-bundle E s . It then follows that: Lemma 6.3. Suppose g ∈ U and D is a disk tangent to 1/2 center-unstable cone, then g(D) is also tangent to 1/2 center-unstable cone.
More importantly, one sees sufficient backward contraction on a large size subdisk of g k (D) when k is a hyperbolic time: Lemma 6.4 ([2] Lemma 2.7). There is δ 1 > 0 depending on U such that, for any diffeomorphism g ∈ U, given any C 1 disk D tangent to the 1/2 center-unstable cone field, x ∈ D and n ≥ 1 an a/2-hyperbolic time for x, we have d g n−k (D) (g n−k (y), g n−k (x)) ≤ e −ka/2 d g n (D) (g n (x), g n (y)), for any point y ∈ D with d g n (D) (g n (x), g n (y)) ≤ δ 1 .
Take D ⊂ U any two-dimensional disk which is tangent to the 1/2 centerunstable cone and contains x as an interior point (and recall the choice of x ∈ Γ). By Lemma 6.3 and 6.4, for any sufficiently large n i which is a/2-hyperbolic time for x, D ni = g ni (D) is tangent to the 1/2 center-unstable cone, and contains a sub-disk with center x ni and radius δ 1 with respect to the distance d g n i (D) .
Since δ 1 only depends on a, one can make s large enough such that g −s (W u g,R (y)) is much smaller than δ 1 . Because x ni can be made arbitrarily close to g −s (y), the stable foliation induces a holonomy map between g −s (W u g,R (y)) and D ni in a small neighborhood of g −s (y). Thus D ni intersects every stable leaf of g, and so does D. The proof of our main result is complete.
Examples
In this section we will build the new examples mentioned in the Theorem B. For this we will first consider the sequence of hyperbolic automorphisms presented in [31] (in fact we take their inverses) Each automorphism in this sequence has three different real eigenvalues. The center eigenvalues are greater than one and, moreover, they tend to one. This means that the central expansion is getting weaker and weaker which will allow us to make a perturbation along a long enough center segment so that the new diffeomorphism is the identity in this segment and has center expansion elsewhere.
We have to make the perturbation taking two precautions: on the one hand, we want the perturbed diffeomorphism to be partially hyperbolic and on the other hand, we want the expansion in the strong unstable direction not to be affected in order to be able to apply the Theorem A. In this way we would obtain that the strong stable foliation is robustly minimal, and particularly, the new diffeomorphism will be robustly transitive.
In addition, we want to obtain examples in which also the strong unstable foliation is robustly minimal. For this we need that the center segments in which the perturbations occur are long enough to be able to apply the arguments of [7] . This is possible thanks to an estimate of the density of these center segments given by For simplicity of the notation, we identify the automorphism and the linear matrix both by A k .
which is the matrix discussed in Section 4 of [31] . The characteristic polynomial of where τ = s, c, u. Then we have, as k → ∞ the following limits:
It is easy to see that for k sufficiently large, then
7.1. Center leaves of A k . In this subsection, we provide a density estimation of a long center leaf segment passing through the point O = (0, 0, 0). Let u c k = (λ c k − 1, 1,
). The following estimation is essential for our construction:
away to each other.
Proof. The first observation is that the distance between components is invariant by translations and then, for the sake of simplicity, we will consider the segment l = {tv c k } 0≤t≤ 1
. Observe that u c k = (λ c k − 1)v c k and recall that v c k = (1, 1
Call P y the orthogonal projection onto R XZ . Then the projection of l is
.
If we further consider both coordinates of l y mod Z, we obtain the segments of Figure 1 .
For k large enough the slope of l y is very close to 1 and therefore the distance between any two of these segments is greater than λ c k −1 2 . Now we consider the three coordinates of the segment l mod Z, and represent it as a subset of the three dimensional cube I 3 = [0, 1] 3 . By abuse of notation, we
will also call l this subset of I 3 . Following the same criterion, we will use the same notation for l y as for l y mod Z. It is clear that l is contained in S = {(x, y, z) ∈ I 3 : (x, z) ∈ l y }. Indeed l y is the image of l under the orthogonal projection. Then S consists of a union of rectangles that are equal to the connected components of l y times the interval [0, 1]. The distance between two of these rectangles is equal to the distance between two connected components of l y . As we already know that the distance between two connected components of l y is greater than λ c k −1 2 , we only need to estimate the distance between two components of l located in the same rectangle.
Again, considering the invariance of the distance under translations, it is enough to see what happens in the rectangle
In order to estimate the distance between two components of l we have to compute at what point l hits the opposite side of the rectangle, see Figure 2 .
Recall that v c k = (1, 1
, then l hits the opposite side for t = λ c k − 1. Then we get that
For k large enough the distance between the connected components is very close
We call 
7.2.
Preparing for modification. In this subsection we will prove a pair of preparatory lemmas that will allow us to construct the diffeomorphisms with the desired properties, that is, partially hyperbolic, equal to the identity in a long center segment, and with center-unstable Jacobian greater than k 1 everywhere except in that center segment. Our perturbations will be supported in a tube: T = [−a, a] × D 2 d where a, d > 0 and D 2 d is the 2 dimensional disk with center 0 and radius d. First we need the following lemma. Remark 7.5. It follows that
Proof. Consider the following three points P 1 = (b, cb), P 3 = (a, a), P 2 = P1+P3 2 = ( a+b 2 , a+cb 2 ). Denote by l the line through P 2 with slope a−bc a−b + ε. We can choose ε > 0 arbitrarily small.
Consider a small curve (., α(.)), where α :
Denote Figure 3 .
• A 2 the point of intersection between l and the diagonal. See Figure 3 . We have a piecewise differentiable curve: segment OP 1 , curve (t, α(t)), and segments P 4 A 1 , A 1 A 2 , A 2 P 3 . This curve is smooth except only at two points A 1 and A 2 . We take pieces of circles which are tangent to the curve close to A 1 , A 2 .
We obtain a smooth curve, with derivative larger than c but smaller than a−bc a−b +ε. Since ε can be taken arbitrarily small, the proof is complete.
We also need for d > 0 a C ∞ bump function ρ d : [0, d] → R such that (b1) ρ(0) = 1 and ρ ′ (0) = 0; (b2) ρ(d) = 0 and ρ ′ (d) = 0; 
Proof. One only need verify (12) , which follows from Lemma 7.4, Remark 7.5.
7.3. New coordinates and modification. To simplify our computations, we will make a change of coordinates in the universal covering space R 3 . By Remark 7.2, we may take a linear transformation B k with det(B k ) → 1 and B k − Id → 0, such that
The constant µ k is chosen in such a way det(B k | e c k ⊕e u k ) = 1. We choose µ k this way because we will focus on the dynamics on the center foliation, and the determinant of the tangent map along the center-unstable bundle, which will remain unchanged after this change of coordinates.
Moreover, in the new chart, the representation of the matrix A k will be (y), where B XZ r (y) denotes the ball inside R X ⊕ R Z (y) with center y and radius r. By Lemma 7.3, the projection of B k on the manifold T 3 is injective and its image is a long but quite slim tube. We will modify A k inside this tube.
From now on, we will only consider the new chart in the universal space.
Lemma 7.7. For any k > 0 sufficiently large, there is a diffeomorphism φ k isotopic to the identity such that : 
Proof. We apply Lemma 7.6 with a = 
7.4. Partial hyperbolicity. In this subsection we are going to show that for k sufficiently large, f k = A k • φ k • A k remains partially hyperbolic and satisfies the properties we need.
In order to prove that f k is partially hyperbolic we will recall several well-known fact about partially hyperbolic diffeomorphisms. We first generalize the definition of partial hyperbolicity in (1) . The equivalence of these two definitions, maybe changing the metric, was shown by N. Gourmelon [16] . We say a diffeomorphism f ∈ Diff(T 3 ) admits a dominated splitting T M = E s ⊕ E c ⊕ E u if there are C > 0 and λ 2 < λ 3 ≤ λ 4 < λ 5 such that for any x ∈ M and any n > 0:
Furthermore, f is partially hyperbolic if λ 2 < 0 and λ 5 > 0. The following criterion is classical for a diffeomorphism to a admit dominated splitting. 
. Moreover, f is partially hyperbolic if for any x ∈ T 3 :
Proof. The part about the domination is standard, see for instance [4, Theorem B] and [11, Theorem 2.6] . So, it remains to show that T M = E ′ ⊕ F ⊕ G ′ is a partially hyperbolic splitting. We need to prove the first item and third item of (14) . We will only show the first item, since the other case is similar. Suppose by contradiction that the first item of (14) is false, it implies that there is x ∈ M such that for any n ≥ 0, log T f n | E ′ x ≥ 0. Let µ be an invariant measure of any converging limit of the sequence of probability measures: { 1 n n−1 i=0 δ f i (x) }. By the hypothesis on x, (16) log ||T f n | E ′ (·) ||dµ(·) ≥ 0.
Since the bundles of domination are always continuous, by Oseledec's theorem, the splitting E ′ ⊕ F ⊕ G ′ is the corresponding Oseledec's splitting for the measure µ. Moreover, µ admits three integral Lyapunov exponents k 1 < k 2 < k 3 , k 1 = log ||T f n | E ′ (·) ||dµ(·), k 2 = log ||T f n | F (·) ||dµ(·) and k 1 + k 2 = log ||T f n | E(·) ||dµ(·). By (15), k 1 + k 2 < k 2 , which implies k 1 < 0. But by (16) , k 1 ≥ 0, a contradiction.
Let us now return to our examples. We first apply Lemma 7.8 to verify that f k is partially hyperbolic provided k is sufficiently large.
Since φ k fixes the center leaf of A k , that is, it maps every straight line parallel to x to itself, it follows that f k preserves the center-stable and center-unstable foliation of A k . Recall that in our new chart of R 3 , these two foliations are exactly planes which are parallel to the XY plane and the Y Z plane, respectively.
We first build the cone family transverse to E Y inside the fiber bundle E XY . Because
For any
To show that the cone is invariant, we only need to see that for any |v| ≤ K u , we
With the estimation of B(x), C(x) of Lemma 7.7, the lefthand side is bounded by
We solve the inequality Recall that 1 + 1 k < λ c k < k 2 < λ u k (see (9) ) and λ c k → 1 + . Therefore, to let K u satisfy the above inequality, we may take
Now let us build the cone family transverse to E Y inside the fiber bundle E cs
For K s > 0, we take a cone
To show that the cone is invariant, we only need to find K s such that for any |u| ≤ K s , we have
Using the estimations of A(x), B(x) given in Lemma 7.7, the lefthand side is bounded by (9), λ s k < 1 k < 1 + 1 k < λ c k < k 2 , and taking into account that λ c k → 1 we get
Thus if we take K s = 64 λ c k −1 , we have T f −1 (C s ) ⊂ Int(C s ). And moreover, because λ s k < 1,
The cone families C u , C s and the inequalities (17), (18) between the determinants satisfy the conditions of Lemma 7.8. Then f k is partially hyperbolic provided that k is large enough. 7.5. Proof of Theorem B. Let us consider the linear Anosov diffeomorphism B k = A 2 k for k sufficiently large, and f k = A k • φ k • A k . By the discussion of the last section, f k is partially hyperbolic, and thus it is a derived from Anosov diffeomorphism in the isotopy class of B k .
We shall prove the proposition below, which implies Theorem B: (10)), I c k → T 3 . Then by Theorem A, there is a C 1 open set U of f such that for any diffeomorphism g ∈ U, the stable foliation of g is minimal. Which implies in particular that, every g ∈ U is transitive, that is, f is robustly transitive. But our goal is to prove that there is a diffeomorphism in U for which the strong unstable foliation is also robustly minimal. To this end, we will prove that f satisfies the hypotheses of Theorem 1.9 in [7] (see Theorem 7.10 below) We need to show that f has a complete u-section, that is, a compact surface T with boundary such that ω(T ) := ∩ n≥0 f n (T ) is a finite union of center segments, and the interior of T intersects each strong unstable leaf transversely at least at one point. Clearly the set of diffeomorphisms having a complete u-section is C 1 open. In the following we enunciate the theorem of C. Bonatti, L. J. Díaz and R. Ures. • g is strong partially hyperbolic, that is, the three bundles E s , E c , and E u are nontrivial, • g is transitive,
• g has a has a complete u-section.
Then there a C 1 open and dense subset W ⊂ V such that for every diffeomorphism in W the strong unstable foliation is minimal.
As we already proved that f k for k large enough is robustly transitive, the only thing left for us to prove is that it has a complete u-section.
Take a fundamental domain D of T 3 in its universal covering. Recall that our change of coordinates is close to the identity and then we can assume that D ⊂ [− 2 3 , 2 3 ] 3 ⊂ R 3 . We claim that x∈I c k F s (x) is a u-section, which means, for any ζ ∈ D, F u (ζ) ∩ x∈I c k F s f k (x) = ∅. Let's assume the claim is true. Therefore it is not difficult to see that f k has a complete u-section. Indeed, the map that sends ζ ∈⊂ [− 2 3 , 2 3 ] 3 to the intersection between ζ and x∈I c k F s f k (x) is continuous (this map is well defined because we have global product structure) This means that the projection of T = x∈I c k F s R (x) to T 3 is a complete u-section for R large enough. The proof of Theorem B is complete.
It remains to prove the claim. Firstly note that since f k preserves E c , it preserves both E cs A and E cu A . Secondly recall our change of coordinates is as close to the identity as we want. Since |I c k | = For k sufficiently large, taking into account that |ζ y | ≤ 2 3 and λ c k → 1 + ,
The claim follows from (19) , (20) and the fact that |ζ x | ≤ 2 3 < 1.
This finishes the proof of Proposition 7.9 and hence, of Theorem B.
